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T W O - D I M E N S I O N A L  L A M I N A R  B O U N D A R Y  L A Y E R  IN F L O W  

O F  T H E R M O D Y N A M I C A L L Y  E Q U I L I B R A T E D  W A T E R  V A P O R  

R .  A .  R a k h i m z y a n o v  a n d  V .  G.  Z h a r i n o v  UDC 533.6.01 

This  pape r  examines  the boundary p ro b l em of a l aminar  boundary layer  in flow of t h e r m o d y n a m i -  
cally equi l ibra ted  wa te r  vapor .  An approx imate  method of solution is proposed,  based on an approx-  
imation for  the densi ty and the coeff icient  of dynamic  v i scos i ty  a c r o s s  the l ayer .  

At p r e sen t  only exper imen ta l  invest igat ions a re  known of flow in a boundary l ayer  fo rmed  in a nozzle 
with motion of wa te r  vapor  [1, 2]. In pa r t i cu l a r ,  it is noted that the boundary l ayer  in a Laval  nozzle ,  when 
it  has  spontaneous condensation,  when the liquid phase  is finally d i spe r sed ,  consis ts  of two sub layers :  an 
upper  v a p o r - d r o p  l ayer  and a lower  heated vapor  l aye r  (adjacent to the wall). 

Below we p r e s en t  r e su l t s  of a theore t ica l  invest igat ion of flow in a two-dimensional  l amina r  boundary 
l aye r  with motion of w a t e r  vapor  along a solid i m p e r m e a b l e  sur face .  

Sta tement  of the P rob lem.  Fo r  the wa te r  vapor  we a s sume  that the liquid phase  is in a finely d i spe r sed  
s tate  and that the veloci t ies  of the phases  a r e  the same :  the the rmodynamic  equi l ibr ium of the phases  is not 
pe r tu rbed ,  and the t e m p e r a t u r e  and p r e s s u r e  obey the vapor  p r e s s u r e  curve.  With these assumpt ions  wa te r  
vapor  can be regarded  as some kind of impe r f ec t  gas. 

In consider ing the equations of motion and continuity of the l amina r  boundary l aye r ,  der ived ,  e . g . ,  in 
[3], no assumpt ions  of any kind a r e  made concerning the gas being per fec t .  T h e r e f o r e ,  these equations will 
be valid in our  case .  

Having made the t r ans fo rma t ions  usual ly applied in boundary l ayer  theory ,  we obtain the energy equa-  
tion for a two-dimensional  s t eady-s t a t e  l am i n a r  boundary l aye r  in an imper fec t  gas 

Oh Oh u d p  ~t -7- ~, �9 
,o.  - o y  

To de te rmine  the dynamic  v i scos i ty  of a two-phase  medium we use the "Eins te in  cor rec t ion"  [3]: 

,u .... 1 - . m  'ul '~ 2 , 5 t q  

,Uv ~tv- -  ~ v  

Trans l a t ed  f rom Inzhenerno-F iz i chesk i i  Zhurnal ,  Vol. 35, No. 5, pp. 789-795, N o v e m b e r ,  1978. Or ig i -  
nal a r t i c le  submit ted November  25, 1977. 
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w h e r e  m i s  the  v o l u m e  f r a c t i o n  of  the  l iqu id  p h a s e ,  equa l  to m = [1+ (z / (1  - z ) ) V v f C l ] - f .  S ince  Vv >>V/ fo r  
f lows  wi th  a l a r g e  d e g r e e  of d r y n e s s  we ob ta in  the  r e s u l t  tha t  m << I and g -~ gv- F o r  e x a m p l e ,  fo r  w a t e r  
v a p o r  wi th  z -> 0.7,  the  e r r o r  a t  T = 373~ i s  0.07%, and a t  T =273"K i t  is  0.0005~a 

L a t e r  we a s s u m e  tha t  # = ~v ,  and tha t  the  d y n a m i c  v i s c o s i t y  of the v a p o r  p h a s e  i s  a l i n e a r  func t ion  of 
t e m p e r a t u r e .  

The  t e m p e r a t u r e  and p r e s s u r e  of  w a t e r  v a p o r  in t h e r m o d y n a m i c  e q u i l i b r i u m  a r e  connec t ed  by the s i n g l e -  
va lued  r e l a t i o n  p = f(T).  S ince  ST/By = 0 fo r  a b o u n d a r y  l a y e r ,  in the w a t e r  v a p o r  c a s e  a T / 0 y  = 0. 
Hence  i t  f o l l ows  tha t  T = Te(x)  and ~ = #e(x) .  

F o r  a high d e g r e e  of  d r y n e s s  ( 1 - z ) V / < <  ZVv, and the C l a p e y r o n - C l a u s i u s  equa t ion  r e d u c e s  to the f o r m  

p ( h - - h z . )  = r d p  
d T '  

w h e r e  h/(T) i s  a known func t ion  of t e m p e r a t u r e .  

In s o l v i n g  the p r o b l e m  of a l a m i n a r  b o u n d a r y  l a y e r  in f low of w a t e r  v a p o r  in the g e n e r a l  c a s e ,  one m u s t  
t ake  in to  a c c o u n t  tha t  a r e g i o n  of  s i n g l e - p h a s e  s t a t e  {heated vapo r )  i s  f o r m e d  n e a r  a s o l i d  s u r f a c e  [1, 2]. F o r  
a h e a t e d  v a p o r  we a s s u m e  a m o d e l  of  a p e r f e c t  gas  wi th  l i n e a r  v i s c o s i t y  law.  

T a k i n g  th is  into accoun t ,  we  w r i t e  the s y s t e m s  of e q u a t i o n s  fo r  the r e g i o n s  of m o i s t a n d  h e a t e d  v a p o r ,  r e -  
s p e c t i v e l y :  

Ou 5u dp Oau a (pu) , 0 (or) = o, 
pU ~-x + pv ay dx + ~t" ~-~ ' -ax ' ay 

oh . ( o. ? dp 
pu--~x --F pV-~y = u  (Ix -F ~te ~ ay l ' P ( h - - h l ) =  r-d-T ' p = / ( r ) ,  

(1) 

+ P" dx ' 

_ _  dp ( o. V l Oh Oh = u - - - + ~  + - -  - -  
pu ~ + pv Oy dx l o g /  Pr 

X 
p(h- -he ) - -  p, ~ = ch + ~ ,  

x- -1  

a (~u) ~_ a (pv) = o, 
Ox ay 

o ( o h )  
(2) 

w h e r e  h c ,  c ,  #c  a r e  c o n s t a n t s .  

We can w r i t e  the  b o u n d a r y  c o n d i t i o n s :  a t y  = 0 u = v = 0, h=hT(X) o r  0h/0y = 0; f o r  y = ~ u = Ue(X) , h = 
he(x  ). The  s e c o n d  equa t ion  fo r  the  e n t h a l p y  c o r r e s p o n d s  to the  c a s e  w h e r e  the s u r f a c e  i s  t h e r m a l l y  i n su l a t ed .  

To  t h e s e  bounda ry  cond i t i ons  one m u s t  add  the cond i t ion  tha t  the  equa t ion  which  we deno te  by y = Yb(X) 
m u s t  be m a t c h e d  a t  the b o u n d a r y ;  a t  y = yb(x) ul = u2, (0u/~y)t = (au/Sy) 2, vi = v2, hi = h2 = hv ,  s u b s c r i p t s  1 
and 2 deno te  v a l u e s  on the w a t e r  v a p o r  and h e a t e d  v a p o r  s i d e s ,  r e s p e c t i v e l y .  The  e n t h a l p y  h v a t  the b o u n d a r y  
of  the  r e g i o n s  c o r r e s p o n d s  to the en tha lpy  at  the s a t u r a t i o n  l ine  and i s  a known func t ion  of T e.  

The  i n i t i a l  cond i t i ons  a r e :  f o r  x = Xo u = uo(y), h = ho(Y). 

F r o m  the  cond i t ion  ho(Ybo) = h v we d e t e r m i n e  the i n i t i a l  o r d i n a t e  of the  b o u n d a r y  of the r e g i o n s  Ybo = 
Yb(Xo) and the v a l u e s  of the  q u a n t i t i e s  r e q u i r e d  in i t .  

We note  tha t  f r o m  the s e c o n d ,  t h i r d ,  and fou r th  equa t i ons  of s y s t e m  (1) we can  ob ta in  the fo l lowing  f ina l  
r e l a t i o n  f o r  the  en tha lpy :  

{[ h=:pe(he--hl )  Pe \Oy ] d---T [--~x + Oy/J  dx h i (T) d-TZj "whl.  (3) 

F r o m  w h a t  h a s  been  s a i d  a b o v e ,  i t  can  be s e e n  tha t  t h e r e  i s  c o n s i d e r a b l e  d i f f i cu l t y  in s o l v i n g  the l a m i n a r  
b o u n d a r y  l a y e r  wi th  f low of w a t e r  v a p o r .  I t  shou ld  be noted  tha t  the  b o u n d a r y  of the  r e g i o n s  and the  v a l u e s  of 
the  p a r a m e t e r s  a r e  unknown and a r e  d e t e r m i n e d  d u r i n g  the so lu t ion .  
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Approximate Method of Solution. It follows f rom the density express ion for water  vapor [p = 1/zV v, ( 1 -  
z)Y/<<zV v] that the variat ion along an isobar  is determined by the dryness  level z,  since for p = const Vv = 
const. In the boundary layer  Ze -< z -< 1. For  large values of z e (~0.8) the density var ies  only a little a c ro s s  
the boundary layer  in the water  vapor region. 

For  the heated vapor region it follows f rom the Clapeyron-Mende leev  equation that the density variat ion 
is determined as a function of tempera ture .  If the pa rame te r s  for stagnation of the outer flow are near the 
top boundary curve and there is no s t rong heating of the sur face ,  then the variat ion of t empera tu re ,  and the re -  
fore of density, in the heated vapor region will be very  little. 

To sum up, we can say that for these cases  (e.g., for  the working nozzles of water  vapor e jec tor  pumps 
and for steam turbines) we can neglect density variat ion ac ros s  the boundary layer.  This re fe rs  also to the 
dynamic viscosi ty  coefficient,  which var ies  only in the heated vapor  region for p = const. 

To obtain an approximate solution, we assume t.he density and the dynamic viscosi ty  coefficient to be 
constant and equal to unity ac ros s  the boundary layer  for  both regions p ~ (1 + el)pc , t~-~ (1 + ec)~ e (at, e 2 are  
constant and quite small  compared with unity). Then the equations of motion and continuity for the two regions 
take the form 

bu 0eu d (p,u) O (per) 1 : -  e2 
6u + v = ueu~ + vea - -  - - +  O, a = - -  

u O--~ dy  dy  z ' Ox by 1 + et (4) 

To this sys tem of equations we apply the t ransformat ion  

X 

; = a f , , , ( ; ) p ~ ( ; ) a ; ,  ~: :p , , (x)y,  u = u ,  E=, v p: 
av,p~ " avep ~ yu ,  u~ = u~ 

Xo 

(the pr imes  denote derivat ives with respec t  to x). We obtain equations which correspond completely to the 
equations of two-dimensional  flow of an incompress ible  liquid: 

~ oE ~ oE - ~,7~ a=E bE b~ 
- ~ - _  = u . . . . .  0 (5 )  

bx @ dx b~ bs + @ 

The boundary conditions are: 

forff=0 t7=5=0, forff=oofi=tT,, fors (6) 

To solve the boundary problem of Eqs. (5) and (6) we can use the well-known methods developed for an incom- 
press ib le  liquid [3-6]. 

After  solving the problem we find the enthalpy distribution in the boundary layer.  

For  the enthalpy in the water  vapor region we can use Eq. (3). If we assume for the saturated liquid that 
the heat capacity c l alongthe boundary curve is constant,  and use the second equation of Eq. (4), we can s im-  
plify Eq. (3) after some t rans format ions :  

tt = (h e - -  h I ") [ 1 v,, 1 
I r u 

Now we re turn  to the heated vapor region. 
energy equation of sys tem (2) in the form 

Ou )2/" dT ] - - { ~  -hz =_F(,, y) (Y>Yb~. 

Using the equations of continuity and state we can write the 

Pr Oy ' " z - - I  Ox Oy z - - I  dx  (7) 

Using the above approximation for the density and coefficient of dynamic viscos i ty ,  f rom E q .  (7) we obtain 

~l~z =Pr [A(x) u (Ou'~z]~R(x, y), A(x)= P d ln P ) (8) 
ay -~ - ay  / _1 :,~ ( l  - -  ~ )  (~. - i )  ,l.,- {, T " 

We now present  the resul ts  of integrat ing Eq. (8), allowing for  the matching conditions. 

a) for a thermal ly  insulated surface (for y = 0 0h/By = 0) 

1279 



R(x, 
y 0 

b) for  a given enthalpy at the wall  [for y = 0 h = h T (x)] 

VbV. v y 

Y-~ [hv--h,-- j" j R(x, y) dydy] + j ~ R(x, y)dydy, 
h = % +  Yb 

0 0 0 0 

O~y~.%. 

For  both cases  Yb is found f r o m  the equation F(x, Yb) = hr .  

F o r  appl icat ions of the boundary l aye r  equation it p roves  ve ry  eff icient  to use  s imi l a r i ty  solutions.  F o r  
s y s t e m  of equations (4) we analyze the dis t r ibut ion laws for  p a r a m e t e r s  of the ex te rna l  flow, where  the equa-  
tions and par t i a l  de r iva t ives  reduce to ord inary  di f ferent ia l  equat ions,  i .e . ,  s imi l a r i ty  exis ts .  

F r o m  the continuity equations pe u = 0~/0y, PcV = -0r  We seek  a s t r e a m  function $ in the f o r m  r = 
k(x)Peue~(~), where  I/ -- y/k(x), and k(x) is an a r b i t r a r y  function whose f o r m  will be de te rmined  la te r .  Ca r ry ing  
out the t r ans fo rma t ion ,  we have 

I~(x) (I q/Z) O, q~(0) ff'(O) O, ~p'(oo)--1. q/ , ,+  Y(x) w.q~" ~ . . . .  (9) 
a a 

Here  ~o'(O) = u/ue,  y(x) = (koeue)' k/Pe, B(x) = u~l~/v e, and the p r i m e s  indicate de r iva t ives  with r e spec t  to the 
cor responding  a rguments .  

The different ia l  equation will be an o rd ina ry  one if y(x) = const ,  /3(x) = const.  F r o m  the conditions y(x) -= 
const,  B(x) = const we obtain the f o r m  of the function k(x) and the law for  var ia t ion  of the outer  flow p a r a m e t e r s  
in the impl ic i t  f o r m  

1 

k (x) = c'u~' 
Pc 

where  ,~ = ~/1'; cl ,  e~, and c 3 a re  constants .  

X ---- C 2 ~ ue 
J Pe~te 

In Eq. (9) we transformed to the new variables �9 = r ~ = ~Ta~. 

due+ ca, 

We obtain 

r 1 6 2 1 6 2 1 6 2  4) (0) = r  (0) = 0, 0 ' ( o o ) = 1  (10) 

Equation (10) has  been invest igated by s e v e r a l  authors  ove r  a wide range of var ia t ion  of a ,  and tables  of values  
of 4#(~) = U/Ue (~ = ~ )  a r e  p re sen ted ,  e .g . ,  in [3]. 

We will consider  the boundary l aye r  on a semi- inf in i te  f la t  plate in a homogeneous  flow {dp/dx = 0). The 
boundary p rob l em for  Eq. (4) {without the initial condition) in this case  r educes  to the Blas ius  boundary p rob lem 
concerning the  boundary l aye r  on a f la t  plate  in flow of an i ncompres s ib l e  liquid 

U = ( p ,  2~'" • ~ "  - 0, ~ (0) = ~' (0) = 0, ,~' (oo) = I ~ (n), 
(11) 

and its  solution is de r ived ,  e .g . ,  in [4]. 

Following e l emen ta ry  t r an s fo rm a t i ons  and integrat ion of the energy  equation we obtain the enthalpy d i s -  
tr ibution in the water vapor region 

i q;"2 h u2 O (n) = l + 2x --~ an, q >~ ~b, O (q) = -~ , x " --~ - h e  
TI 

The boundary of the region is de te rmined  f r o m  the equation ~ (r ( h v / h e - 1 ) / 2 %  

nb 

(12) 
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Fig .  1. The  enthalpy d i s t r ibu t ion  
in the boundary  l a y e r  of w a t e r  vapo r  
on a t h e r m a l l y  insu la ted  f la t  p la te ,  
and the d i m e n s i o n l e s s  th ickness  of 
the enthalpy l a y e r  5h as  a funct ion of 
Mach n u m b e r  M e. 

For the heated vapor we assume that the Prandtl number is unity (this is valid, e.g., for water vapor 
over a wide range of variation of parameters [7]), and then there is evidently a particular integral of the 
energy equation [3] 

U 2 "t 
h ' - - b # - b ~  ot O ( q ) = m - - n t < p ' - -  ~ g,2, T l b ~ i l ~ 0 .  

2 " - 2 

The cons tan t s  nl, n 2 (or bl, b2) a r e  d e t e r m i n e d  f r o m  the ma tch ing  condit ion and the boundary  condit ion at the 
wall .  

F igu re  1 shows r e s u l t s  of ca lcu la t ing  the enthalpy in the boundary  l a y e r  in flow of wa te r  vapo r  a long a 
t h e r m a l l y  insula ted  f iat  p la te  for  v a r i o u s  va lues  of Mach n u m b e r  M e and cons tan t  s tagnat ion  p a r a m e t e r s  of the 

* = 5 B a r ,  T~ = 473.15~ The s a m e  f igure  shows the d i m e n s i o n l e s s  th ickness  of the enthalpy ex t e rna l  flow Pe 
l a y e r  6 h as  a funct ion of Mach number .  The th ickness  of the enthalpy l a y e r  is a s s u m e d  to be the value  whe re  
the d i f fe rence  in the en tha lpy  f r o m  that  of the ex te rna l  flow is 1%. 

The d i m e n s i o n l e s s  th ickness  of the dynamic  l a y e r ,  d e t e r m i n e d  f r o m  the condit ion that  the ve loc i ty  should 
d i f fe r  by 1% f r o m  u e,  is 5.0 [4]. It is  c l e a r  that  the enthalpy l a y e r  th ickness  is l e s s  than the dynamic  l a y e r  
th ickness .  

In Eq. (12) the re  is the i m p r o p e r  in t eg ra l  of  the f o r m  

f 'V----2 d,1 .--E (b). (13) 
q 

b 

We wr i t e  Eq. (11) in the f o r m  d~ow/~o ~ = (1/2)~odl% whence ln(~o"/cP ~ We wil l  show that  it c o n v e r g e s  fo r  b > 0. 

(b) ] = - (1/2) ~0dT?. Using the las t  re  lation and conver t ing  in 
b 

the in tegra l  to the new va r i ab l e  q(dr} = clqg/~ and 

taking into accoun t  tha t  r  -< 1, we obtain the e s t i m a t e  that  ~o" --< r e x p  (-r  r = const .  Now E(b) -< r i (1 /  

rI 

~)exp(-~z/2)dT) = r j i/~0q,)exp(-~z/2)dq _< (r/gYm) (i/q)exp(-~p2/2)dcg, ~0~n = ~<,<min= 9'; From the con- 
qU') q:(b) 

vergence of the last integral, which is easy to show, it follows that the integral of Eq. (13) converges. 

u and v 
x and y 
P 

N O T A T I O N  

are the longitudinal and transverse velocity components; 
are the longitudinal and transverse coordinates; 
is the density; 
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P 
T 
h 
V 
P r  
z 
~4 
k, /a, 

is the p r e s s u r e ;  
is the t e m p e r a t u r e ;  
is the enthalpy; 
is the specif ic  volume;  
is the Prandt l  number ;  
is the d ryness  level ;  
is the adiabat ic  exponent of the heated vapor ;  
a re  the coeff icients  of t h e r m a l  conductivity,  dynamic and k inemat ic  v i scos i ty ,  respec t ive ly .  

The subscr ip t s  l and v r e f e r ,  r e spec t ive ly ,  to p a r a m e t e r s  of the liquid and vapor  phase;  e r e f e r s  to p a r a m e t e r s  
of the ex te rna l  flow. 
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D I S C H A R G E  A N D  D Y N A M I C  C H A R A C T E R I S T I C S  O F  B O I L I N G  

W A T E R  IN L A V A L  N O Z Z L E S  

R .  S. G o r e l i k ,  M. A .  K o r o n k e v i c h ,  
"N. S.  S a f a r o v a ,  a n d  I .  R .  S h r e i b e r  

UDC 532.528:536.24 

The c r i t e r i a l  p r o c e s s i n g  of expe r imen ta l  r e s u l t s ,  obtained by studying the d ischarge  of hot wa te r  
into the a tmosphe re  through a Lava l  nozzle ,  is proposed.  The initial p a r a m e t e r s  of the wa t e r  
were  va r i ed  over  the range  P0 = 4.9-17.6 bar  and t o = 119-204~ 

The effect  is invest igated in this pape r  of the initial  p a r a m e t e r s  of hot wa t e r ,  P0 and t o [t o > ts(Pn)], where  
ts(Pn) is the sa tura t ion  t e m p e r a t u r e  a t  the t e m p e r a t u r e  of the surrounding med ium,  on the d i scharge  c h a r a c -  
t e r i s t i c s ,  the m e a n - m a s s  efflux ve loc i t i e s ,  and p r e s s u r e s  for  nozzles  of specif ied geomet ry .  

The expe r imen t s  were  conducted in a faci l i ty  r ep resen t ing  a hydraul ic  c i rcui t ,  including a h i g h - p r e s s u r e  
tank, the working  section - the nozzle ,  and a ca tcher  vesse l .  In o rde r  to produce  wa te r  with specif ied initial 
p a r a m e t e r s ,  a number  of anc i l l a ry  devices  we re  provided:  a hea t -exchanger ;  e l ec t r i c  hea te r ;  a c o m p r e s s e d  
a i r  supply line; and pumps.  

The expe r imen t s  we re  c a r r i e d  out with w a t e r  that had not undergone p r e l i m i n a r y  deaera t ion  and pu r i f i ca -  
tion; however ,  during heat ing up in the closed vo lume,  a per iodic  p r e s s u r e  ~scouring" was ca r r i ed  out, which 
led to a reduct ion of the amount  of gas in the wate r .  The wa te r  obtained was underheated by 1-2 ~ before  the 
sa tura t ion line. Grea t e r  underhes t ings  were  achieved by the addition of c o m p r e s s e d  a i r .  

During the expe r imen t ,  the initial  t e m p e r a t u r e  of the wa t e r  (to) , the initial p r e s s u r e  (P0), the s ta t ic  
p r e s s u r e  along the nozzle (Pi), the w a t e r  flow ra te  pe r  second (G), and the reac t ive  thrus t  (R) were  measu red .  
F r o m  the m e a s u r e d  values  of G, R,  and P0, the mean flow veloci ty  at the outlet  was  calculated by the formula  
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